Abstract. The classical Whitney formula relates the algebraic number of selfintersections of a generic plane curve to its winding number. We generalize it to an in nite family of identities, expressing the winding number in terms of the internal geometry of a plane curve. This enables us to split the Whitney formula by some characteristic of double points. It turns out, that only crossings of a very speci c type contribute to the computation of the winding number. We also provide a "di erence integration" of these formulae, establishing a new family of simple formulae with the base point pushed o the curve. Similar new identities are obtained for Arnold's invariant Strangeness of plane curves.
1. Whitney formula and its generalizations 1.1. Introduction. The classical Whitney formula 4] relates the algebraic number of times that a generic immersed plane curve intersects itself to the Whitney index, or winding number, of this curve. Since it was discovered in 1937, this formula remained more of an isolated curious fact, than a part of some more general picture. In particular, its generalizations remained unknown. The rst step in this direction was made only recently 2], with an introduction of higher-dimensional versions of the Whitney formula. Here we take a di erent direction of its generalization, showing that this is just a simplest one in an in nite family of identities. These identities express Whitney index of a plane curve in terms of some functions, de ned in double points of the curve. A particular choice of these functions as elementary bump ones allows us to split the sum in the Whitney formula over di erent types of double points (see Section 1.4). It turns out, that only a very speci c type of double points contributes to the computation of index.
All these formulae, just as the original one, involve a choice of a base point on the curve. We introduce another type of formulae, this time with the base point pushed o the curve. Taking the di erence of two such formulae with the base point placed in a pair of adjacent regions, one gets a formula of the rst type, with the base point on the arc of the curve between these regions. Thus the second type of formulae can be considered as a di erence integration of formulae of the rst type with respect to position of the base point (see Section 2).
Finally, we turn to Arnold's invariant St of plane curves 1]. Noticing that Shumakovitch's formula 3] for St looks similar to the Whitney formula for index, we generalize it in a similar manner. The main part of this work was done when 1991 Mathematics Subject Classi cation. Primary 57M25, 57N35. 1 Let us substitute f into (1.3) rst for j = i, and then for j 6 = i. We learn that the Whitney formula can be rewritten by counting only the double points in D 0 and the sum over double points in k6 =0 D k also splits by k: 2. Integrating Whitney-type formulae 2.1. Di erence integration. Our initial motivation for studying the Whitney formula was the following. Note that two terms in (1), namely index(C) and 2 ind C (x), are still well-de ned when the base point x is chosen in R 2 ? C. So, it is tempting to look for some formula similar to (1) in this case. At rst, it remains unclear how to adapt P d " d (x) to such a situation. To narrow our eld of search, we can require that a new formula should be a \di erence integration" of (1) Proof. Transfer the sum over the double points to the left hand side and denote by i 2 (C; x) the resulting left hand side. Lemma 1 below shows that the function i 2 (C; x) is invariant when we deform C by homotopy in R 2 ? x (and the same, obviously, holds for ind C (x) 2 ). Any curve in R 2 ?x is homotopic to one of the standard curves C n with ind Cn (x) = n, n 2 Z, shown in Fig. 2a . Thus it su ces to compare the values of i 2 (C; x) and ind C (x) 2 on the curves C n . A simple check shows that
) vanishes for each C n , so i 2 (C n ; x) = n 2 = ind Cn (x) 2 .
Further on by homotopy of C we mean a generic homotopy, which fails to be a regular one in a nite number of moments when a kink is deleted or added. 
is an invariant of homotopy type of C in R 2 ? x. 
is an invariant of homotopy type of C in R 2 ? x. Now, computing the values of G F (C; x) on the standard curves C n , n 2 Z, we obtain the following generalization of Theorem 3: of the function F in Theorem 4. Using the initial condition F(j; j) = 0 we can express F via f by means of an integral sum. For n j we get F(n; j) = n?1 X i=0 f(j + 1 2 + i; j); thus the partial derivative of nF(n; j) is given by (n + 1)F(n + 1; j) ? nF(n; j) = (n + 1)f(n + 1
Taking the di erence of the formulae (2.2) with base points in two adjacent regions, we obtain a formula with a base point on the curve C; it is easy to identify it as the one of Theorem 2. Thus, if the function f in Theorem 2 integrates to a skew-symmetric function F, Theorem 2 follows from Theorem 4. However, this is not always the case: an integral F of the function f of Theorem 2 is skew-symmetric only if the following condition is satis ed for any integer j and n: Proof. Under 1 , the contribution of a new double point to the sum equals F(ind C (x); 0) ind C (d) if index(C) changes by 1. This is compensated by the corresponding change of F(ind C (x); 0)St(C) (since (3.1) implies that St changes by ind C (d)). Under 2 , both St and the sum over the double points (due to the skew-symmetry of g) are preserved. Calculating the change under the positive 3 move, we get the second statement of the lemma.
